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Abstract-The indentation hardness of metals depends upon the size of the indent, for indents in
the size range of 0.1-10 I'm. A finite element method is used to predict this size effect, based on
Fleck-Hutchinson strain gradient plasticity theory. The material is treated as a power law, defor­
mation theory solid such that the strain energy density depends upon both strain and strain gradient.
An indentation size effect is predicted for axisymmetric indenters of various head-shape (flat, conical
and spherical), and the role of contact friction is explored. It is found that the predicted hardness
increases significantly when the size or thc indent is comparable to the material micro-length scale.
n 1998 Elsevier Scicncc Ltd.

I. INTRODUCTION

Indentation tests have been widely used as an economical, routine method for measuring
the strength of engineering materials. A range of head-shapes are used including a sphere
(Brinell test), a circular one (Rockwell C), a three-sided pyramid (Berkovich) and a four­
sided pyramid (Vickers) : in all cases the hardness is defined as the total load on the indenter
divided by the p~oiected contact area A. It is convenient to refer to the size of an indent by
the radius a = .JA/n of a circle which has the same area, A, as the projected area of contact
for the physical indenter, at a given indentation depth h. Conventional plasticity theory
contains no internal length scale and thereby predicts no size effect. This is consistent with
the observation that the indentation strength of metals is found to be independent of the
indent size for a greater than about 10 11m, However, when a is reduced from 10 11m to
about 0.1 11m the measured hardness increases typically by a factor of 2 3 for pure metals
and alloys. For example, Ma and Clarke (1994) conducted indentation tests on a silver
single crystal using a Berkovich indenter. The hardness was found to almost double when
the indent size a was reduced from 10 to I {Im. Poole et al. (1995) reported a comparable
size effect for indentation of pure copper by a Vickers indenter.

Similar size effects have been observed for a wide range of plasticity phenomena. For
example, both the yield strength and the strain hardening rate of metals increase with
diminishing grain size. The strength of particle-reinforced metals increases with diminishing
particle diameter at a fixed volume fraction (Kelly and Nicholson, 1963; Ebeling and
Ashby, 1966). New constitutive theories involving a material length are needed in order to
characterize and predict such phenomena, Recently, a strain gradient theory has been
proposed by Fleck et ai, (1994) and Fleck and Hutchinson (1993). The theory is based on
the notion that the yield strength of a metal depends upon the total density of geometrically
necessary and statistically stored dislocations. The density of geometrically necessary dis­
locations scales with the magnitude of the strain gradient and the density of statistically
stored dislocation scales with the effective strain. Dimensional considerations dictate that
a material length scale t be present in the constitutive law, and the theory fits within the
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Fig. 1. Indentation of a half space by an axisymmetric indenter, with notation and sign conventions.
The head-shape of the indenter is defined byf(r). and the contact extends over a radius a for a given

indentation depth h.

framework of reduced couple stress theory. The precise physical interpretation of the
material length scale remains unclear, but it may be interpreted loosely as the mean
free path of dislocations. A number of practical problems have been explored using this
constitutive law including the stress field in the vicinity of a hole and in the vicinity of a
particle (Fleck and Hutchinson, 1993), and the stress field near a crack tip (Xia and
Hutchinson, 1996). Recently, Fleck and Hutchinson (1997) have introduced a more general
version of their strain gradient theory in which hardening is due to all components of the
spatial gradient of strain: the contribution to strengthening from stretch gradients is
included in addition to the contribution from curvature of the deformation field.

In the current article, the Fleck-Hutchinson strain gradient plasticity theory is
implemented using a finite element method and is used to estimate the observed size
dependence of the indentation hardness of metals. A half-space made from a power-law
deformation theory solid is indented by an axisymmetric, rigid indenter of head shape

rill
fer) =--. D I1I - 1

(I)

as defined in Fig. 1. Here, r is the radial co-ordinate of a cylindrical co-ordinate system
(r, 8, z), D is the leading dimension of the indenter, and m describes the shape of the
indenter. For example, m = 00 represents a flat-ended punch ofdiameter D; m = 2 indicates
a ball of diameter D; a conical indenter with an included tip angle of 2P is defined by
m = 1 and Dm- I = tanp. It is found that the predicted hardness approaches that given by
conventional theory when the indent size is much larger than the material length scale;
however, the predicted hardness is elevated significantly when the indent size is comparable
to the material length scale. Preliminary calculations show that the increase in hardness
with increasing friction is greater for a strain gradient theory solid than for a conventional
solid.

2. REVIEW OF STRAIN GRADIENT THEORY

2.1. Equilibrium and kinematics
The strain gradient theory proposed by Fleck et at. (1994), Cosserat and Cosserat and

by Fleck and Hutchinson (1993) falls within the classification of reduced couple stress
theory. The pertinent kinematic quantities in reduced couple stress theory are the material
displacement u and the associated material rotation (J == (1/2) curlu. However, for the pur­
poses of numerical computation we shall restate the strain gradient theory of Fleck et at.
(1994) in terms of general couple stress theory, and introduce a micro-rotation, w, which
is distinct from the material rotation, (J. The micro-rotation, w, is treated as an independent
kinematic quantity with no direct dependence upon u; this enables the use of Co - con­
tinuous elements in a finite element formulation, as detailed below.

We begin by outlining general couple stress theory and show how it degenerates to
reduced couple stress theory upon identifying the rotation w with the material rotation (J.

In both the general and reduced versions of couple stress theory it is supposed that a
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material point can support couple stress (bending moment per unit area) in addition to
Cauchy stress. The presence of couple stresses implies that the Cauchy stress tensor is
unsymmetric. Denote the Cauchy stress tensor by the sum of a symmetric part (1 and an
anti-symmetric part T, and denote the couple stress tensor by m. Force equilibrium at each
point within the volume V of the body dictates

and moment equilibrium implies

I'Tj;,,+I,j,/ = 0

I
IU= "2 -eiikm"k.".

(2)

(3)

Here, we adopt the standard notation that a comma indicates a partial derivative with
respect to a Cartesian co-ordinate, and a repeated suffix denotes summation over I to 3. A
subscript index can take the value of I, 2, or 3 and e;ik is the usual permutation symbol.
Traction equilibrium on the surface S of the body gives

(4)

where T; is surface traction per unit area and Qi is the surface torque per unit area; n j is the
ith component of the unit normal vector n at the surface of the body.

The principle of virtual work for a general couple stress theory reads

r [(lJu+Iu)frYji+mubx;;]dV= f [T;buj+Qjbw;]dS
Jv s

(5)

where the "relative strain" is ru ,,= u;,j+eUkwk and the "micro-curvature" is Xu == we;' The
above virtual work statement can be rearranged to the form

r[lJ;j&u+mubXji + IublXjil dV = f [T;buj+QjbwJ dS
Jv s

(6)

where the components of the strain tensor I: are GU = (u;,j+ u;.,)/2 and the anti-symmetric
tensor ot is defined bylX" == eUkwk - (ui .,~ uiJ/2 = eUkwk - eUkfh. Note that ot is a "relative
rotation" and is a measure of the difference between the micro-rotation w and macroscopic
material rotation (J; ot vanishes for the particular choice w = (J == (l/2)curlu. It is evident
from eqn (6) that the anti-symmetric component of the Cauchy stress T is the work conjugate
of the relative rotation increment bot. In the case of reduced couple stress theory the micro­
rotation w is identified with the material rotation (J, ot vanishes, and the principle of virtual
work simplifies to

(7)

2.2. Constitutive law
We consider indentation of a half-space made from a deformation theory, incom­

pressible solid as proposed by Fleck et al. (1994) and Fleck and Hutchinson (1993). The
strain energy density w is assumed to depend upon the combined strain measure

(8)

where G" == «2/3)GijG;,) 1/2 is the usual von Mises effective strain measure and X" == «2j3)xi;Xi,) 1/2

is the analogous effective curvature. The existence of a material length scale t is demanded
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by dimensional considerations. The overall effective stress measure L, deviatoric stress
S'I =: O"u-(I/3)b iPkk and couple stress rnu are defined as the work conjugates of g, GU and
X'i' respectively, giving

Hence,

(9)

2L
.I'U = 3' ':t EU and

2L
mil = 3~,;XF' (10)

Substitution of eqn (I Qljnto eqn (8) gives an explicit expression forL in terms of the
effective stress 0"" = ~(3/2)Sil'l'U and the effective couple stress 111,. = J(3/2)n1 il111ii

(1 I)

For the indentation problem it proves convenient to assume the power-law strain
hardening law

If (L)"
Go = 0"0

which, for the state of universal tension, reduces to

G (0")"
1:0 = 0"0 '

(12)

(13)

Here, 0" and I: denote tensile stress and strain, respectively, n is the strain hardening index,
0"" is a representative yield stress and (;0 is the associated yield strain,

The above constitutive law (10)-( 12) proves convenient in simplifying the moving­
boundary problem of indentation by a curved indenter to that of indentation over a fixed
contact area. The reduction method makes use of a similarity transform as laid down by
Hill et al. (1989) ; this similarity transform is detailed below.

3. SIMILARITY TRANSFORM

Consider indentation of a half space by a curved axisymmetric punch of head profile
specified by eqn (1). At a given stage of indentation, the indentation depth is h and the
contact radius is a (see Fig. 1). The contact conditions on the plane -'-', = 0 are

u, = -h+r"'/D'" I r < a

and

The additional boundary conditions are

for a frictionless punch and

(14)

(15)

(16)

( 17)

for a sticking punch. Both the Cauchy stress l1 and the couple stress rn vanish at infinity.
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It proves convenient to scale the co-ordinates and the deformation variables by the
following transformation:

.ii = .,-)a r= ria 1 = t/a Ii = h/a

11j = (D/a)"'-' u,/a OJ j = (D/a)"'-i W j

- (1)')"'-1 {-- (D' )",-I{"'u = la "'u' Xu = la "Xu

and the stresses according to

(18)

(19)

(20)

(21 )

Consequently, the equilibrium relations (2) and (3) become

(22)

(23)

respectively. The constitutive law of eqn (10) transforms to

(24)

h ..f:' 13(- - +{--2 - -) nl]2 - - ,- '3 d - - -' - '3 H hwere,,", = '( s,/su . 1nij1ni/ I.·j ,sij = (Ju-ui/(Jkkl an ci/ = Cji-UI/Ckkl. ere. t e
transformed strains cu and micro curvatures Xu satisfy the familiar relations

(25)

The overall equivalent strain 1%'", von Mises strain E" and equivalent curvature Xc are scaled
in an identical fashion to that specified in eqn (20) for the strain measures "'i/ and X'I'

The boundary conditions on the plane '''3 = 0 can be restated in transformed variables
as

113 =(Ilc"')-P" where c'" = a'''/(hD'''-']) F";; I

and

For the case of a frictionless contact the traction boundary conditions (16) become

(26)

(27)

and for a sticking punch the displacement constraints (17) transform to

(29)

It can be seen that the above transformation of variables maps the moving boundary
problem of an increasing contact size with increasing indentation depth into a fixed bound­
ary-value problem of unit contact radius. Moreover, a, hand D enter only in the com­
bination em as defined in eqn (26). The eigenvalue e'" is determined by solving the reduced
problem defined by eqns (23)-(29) such that the normal traction 0'" at the edge of the
contact vanishes: this is demanded by the requirement that the edge of the contact be
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smooth. The eigenvalue em is a function of the hardening index n, indenter shape index m

and the ratio t of the material length scale t to the indentation radius a. In the limit t ---+ 0
the strain gradient theory simplifies to conventional von Mises deformation theory and em
becomes an invariant of the indentation process itself, i.e. it is independent of a, hand D.

The load P applied to the indenter is

(30)

where (T33 is evaluated on the surface X3 = O. The indentation hardness H is defined as the
average pressure on the indenter, and is given by

P [(a)"'-I 1Jl!11 r1

H == na2 = -(To D Go Jo 6'33U')2rdr (31 )

in terms of the reduced variables. Hence, the hardness can be expressed in the functional
form

[(a)"'-l I J1/11 _
H= (To D Go FaCn,m,t) (32)

where Fa is a non-dimensional factor which, for a strain gradient theory solid, depends on
the hardening index n, the indenter geometrical parameter m, and on the micro length scale
t. For a conical indenter m equals unity and (aID)"'-1 is replaced by cot fl, where 2fl is the
including cone angle; for a flat indenter m = ef) and (alD)m- I is replaced by h/a. It is
emphasized that the dependence of Fa on t reflects the size dependence of hardness.

4. FINITE ELEMENT IMPLEMENTATION

4.1. Kinematics
It is convenient to express the field quantities in terms of the circular cylindrical co­

ordinate system (r, z, B) as shown in Fig. 1. Both the geometry and loading are axisymmetric,
and without loss of generality we consider the section B = O. The indented solid is subjected
to the displacement field

and the micro-rotation field

and WII = wo(r, z) and w, = W c == O.

The non-vanishing components of the symmetric strain tensor I: are

AU,. 1 (OUr Cu,. \ U,. cU.
Gn =;;; f: rc = Gcr =:2 ·oz + Or) f;oo = --; and Gcc = c;

and the micro curvature tensor X == wV has the components

(33)

(34)

(35)

GWII
lOr = -~-­

cr
and (36)

The anti-symmetric tensor IX has the only non-trivial component
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(37)

4.2. Modification of the constitutive law
For the purposes of numerical implementation we modify the original formulation to

allow for slight elastic compressibility. Further, the rotation w is treated as an independent
kinematic variable, with no direct dependence upon the displacement u. The constitutive
law (12) is given an additional minor modification such that the initial tangent modulus is
finite: the material constants are so chosen that the material response closely matches that
of a power law incompressible solid (12) at strain levels in excess of So.

In the revised formulation, the strain quantities G and X are split into compressible
elastic components which depend linearly upon the stress measures u and m, and into
incompressible plastic components which depend non-linearly upon (u, m). In like fashion,
the energy density w(G, X) is written as the sum of an elastic energy density we and a plastic
energy density wp

. The elastic energy density is defined as

wel(Gei yel) = I""u .. dG'."+II"'m.,d YCI
~ "" '1 II II All

o ()

where the elastic strains (Gel, Xci) are linear in the stresses ((Jil' mil) according to

(38)

(39)

Here, bi; is the usual Kronecker symbol, Si} = (JII- b;/Jkk/3 is the deviatoric stress measure,
v is Poisson's ratio and E is Young's modulus. The length scale t is the characteristic micro
length scale of the material. The incompressible limit is approached numerically by adopting
a value for v of 0.49999.

The plastic strain energy density w PI is defined as

I
",' II'"Wpl(Gpl ypl) = (J,., del'l + m ., dypl

, "" II ~Il )1 ""I)

o ()
(40)

and, following Fleck et al. (1994), wpl is taken to depend only on the overall equivalent
.. ) /~--:;-----, /---- . .

plastic stram measure of §pl == v (S~/)" +(2(XS/)~, where S~I == ";2(;)/£1//3 IS the eqUivalent

plastic strain and X~I == J2X1/x1/,!3 is the equivalent plastic curvature. The work conjugate
of iffI'I is the overall equivalent stress L as defined in eqn (11), The incompressible plastic
strain (s1/, x1/) is given by

I 3( 1 I)
S); = '2 E,(L) - Ii Si;

, I 3( I I) Iexfi = '2 E,(L) - Ii { mil (41 )

where Es is the secant modulus in uniaxial tension and E is Young's modulus. The above
elastic relations (39) and plastic relations (41) can be combined to give

1+v, _I
{Xit =---( mij

E,
and (42)

where the deviatoric strain eij = sij- bi;Bkk/3 and v, = 1/2 - (1/2 - v)EjE. The overall equi­
valent strain is given by Iff = L/E+lffpl.

The power-law constitutive law (12) suffers from the drawback that the initial tangent
modulus is unbounded. A finite tangent stiffness is needed in order to construct a non­
singular stiffness matrix in the finite element formulation detailed below. Accordingly, the
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power law relation (12) is modified to the following form which possesses a finite initial
tangent modulus:

and

arcsin(L sin c/J/ao)

¢
forL < a o (43)

Here, the magnitude of the parameter c/J is chosen to satisfy

tan (/J
---=n

¢

(44)

(45)

which ensures continuity of both value and slope of the L vs J curve at L = ao . Only the
smallest positive root of eqn (45) is chosen for any given value of strain hardening exponent
n; it can be seen that c/J increases from zero to n/2 as n is increased from unity to infinity.
The modification (43)-(45) to (12) gives a L vs J curve of finite initial slope

a o ¢
E=- -.-.

Eo smc/J
(46)

A preliminary convergence study suggests that the choice Eo = 10 -4h/a (with h/a = 0.01) is
sufficiently small for the constitutive law (33) and (34) to give the same indentation response
as the power law constitutive law (]2). (Upon reducing Eo from 10-4 to 10- 5

, it was found
that the indentation pressure changed by less than 0.1 % for any n.)

In a related indentation study Bower et al. (1993) employed the following approxi­
mation to power-law hardening:

and

~ = ~ [ I +n
2

_ (_0"_ + _1_)2JI2 fora < 0"0

r:o n-I (n- ])2 0"0 n-I

I: (a)n- = - forO" ;? a o.
Eo an

(47)

(48)

This gives a Young's modulus of E = na/ao; consequently, E is large at large n and this leads
to poor convergence of the numerical proced ure. Convergence difficulties were reported by
Bower et al. (1993) for n > 5 and a displacement relaxation method, in addition to par­
ameter tracking, was used to obtain solutions at large values of n. By adopting the modified
constitutive law (43)-(45), coupled with parameter tracking only, we were able to obtain
converged solutions for any value of n. The parameter-tracking method is similar to that
described by Shih and Needleman (] 984) and Bower et al. (] 993), and consists of obtaining
a solution for successively higher values of n hy taking the solution from the previous value
of n as the initial guess.

In order to implement the Fleck and Hutchinson (1993) strain gradient theory within
the framework of the finite element method, special care has to be taken with regard to the
curvature Xli' The Fleck and Hutchinson theory falls within the class of reduced couple
stress theory wherein X'I is expressed in terms of the second derivative of the displacement
field; this suggests the use of elements of CI-continuity. Here, we enforce the kinematic
constraint OJ = (J == (] /2)curlu by a penalty function method and treat the rotation OJ as an
independent degree of freedom; consequently, we can use elements of Co-continuity. The
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anti-symmetric shear stress 'ii is assumed to be related to :Xii through a constant penalty
modulus Gil as

'" = G":Xji (49)

and the identify w = (J == (1/2)curlu is approached numerically by choosing a sufficiently
large value of GlI" Numerical experiments show that accurate results are obtained by taking
Gil = 100E.

A modified Newton~Raphsonmethod is used to solve the non-linear boundary value
problem outlined in Section 3. Briefly, the indenter displacement h is incremented from
zero to h = O.Ola at fixed a, and the nodal displacements (u, w) are calculated for each load
step by expanding the principle of virtual work about the current solution, giving

f (l1sii()eii+ I1mJ>Xl i + I1fJJ>8kk + l1'ii(h,;) dv - f (I1T/JU,+ I1Q/jw) ds
v s

where fJ", = fJkk/3 is the mean stress. Stresses and couple stresses on the right-hand side of
eqn (50) denote the current approximate solution and 11 indicates the correction for the
current iteration. The virtual work statement (50) is solved repeatedly for displacement
corrections until a converged solution is obtained. In order to minimize computational
time, the tangent stiffness matrix is calculated at the beginning of each load step and held
fixed during iteration. The tangent stiffness matrix is calculated from the following rate
form of the constitutive Jaw:

(51 )

and

where

. 9E;'2:. I
I = ~ --- -----
. 4 E, 1+ v, - E;.'2:./(2EJ

and E; = dEjd'2:.. In addition,

(52)

(53)

E
0"", = 3(1_2~~tkk and (54)

4.3. Type ofelements and the integration scheme
We have implemented the strain gradient theory within a finite element procedure.

with two types of axisymmetric isoparametric elements: the 9-noded quadrilateral and 6­
noded triangle. Three degrees-of-freedom Un U c and W(I exist at each node, as shown in Fig.
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Fig. 2. Co isoparametric elements developed for the strain gradient theory solid: (i) 9-noded
quadrilateral; and (ii) 6-noded triangular elements. For both types of element: • denotes a node;
x indicates an integration point for the deviatoric stresses and couple stress; and 0 represents an

integration point for the mean stress and the anti-symmetric shear stress.

2, and quadratic shape functions are used for interpolation between nodes [see Zienkiewicz
and Taylor (1994)]. In the principle of virtual work (40), full integration is used for the
deviatoric terms: 3 x 3 Gauss quadrature for the 9-noded elements and four point Gauss-­
Radau quadrature for the 6-noded elements. Since the elastic bulk modulus K == E/(I- 2v)
and the anti-symmetric shear modulus G" arc significantly greater than Young's modulus
E, reduced integration is used for the mean stress and the anti-symmetric shear stress to
avoid locking of the elements. Specifically, 2 x 2 point Gaussian quadrature is used for the
9-noded elements and I-point Gauss-Radau quadrature is employed for the 6-noded
elements. Numerical experimentation indicates that the 9-noded element passes the single
element test and the patch test, and gives smooth distributions of hydrostatic stress and
anti-symmetric shear stress. The 6-noded triangle with one-point reduced integration fails
both the single element test and the patch test (it passes both tests for plane strain defor­
mation). However, a ring of these triangular elements at the contact edge are found to be
less stiff than triangular elements with three-point reduced integration and give an accurate
contact pressure distribution.

Xia and Hutchinson (1996) have conducted an extensive search for the optimal choice
of element in their finite element analysis of a mode I crack tip field in a strain gradient
theory solid. The C-continuous plate-bending elements formulated by Specht (1988) were
found to perform poorly. Xia and Hutchinson also considered Co-continuous isoparametric
elements, in the form of 4-noded and 9-noded quadrilaterals, and 3-noded and 6-noded
triangles. They adopted a mixed formulation, with two displacement and one rotational
degree-of-freedom at each node, and the antisymmetric shear stress 'r= acting as a Lagrange
multiplier at the centre of each element. Thus, the kinematic constraint w = () == (I /2)curlu
is satisfied in an element-wide average sense. In contrast, the incompressibility condition is
tackled by a reduced integration penalty method.

In the present study, we prefer to use a formulation purely based on displacement and
rotation interpolation, coupled with a reduced integration penalty method; this approach
has the merits of simplicity, a relatively small number of degrees-of-freedom and less
computational effort. Bench mark tests, as described in detail in the Appendix, show that
the Co elements are adequate.

The similarity transform, outlined in Section 3, allows for the reduction of the moving
contact problem of indentation by a curved indenter to that of indentation over a fixed
contact radius a. All calculations were performed for a contact of unit radius, using the
mesh shown in Fig. 3. The mesh consists of 2239 elements and 9013 nodes and has a total
of 27,039 degrees-of-freedom. Except for 40 triangular elements adjoining the contact edge,
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(a)

(b)
Contact edge

Fig. 3. Typical finite element mesh used, with 2239 elements and 9013 nodes: (a) full mesh; and (b)
mesh close to the contact.

1373

all other elements are 9-noded quadrilateral. The boundaries of the mesh form a square of
dimension 100 times the contact radius, and is subjected to the boundary conditions (14)­
(17). Additional boundary conditions are:

(i) along the axisymmetric axis, U, = W(I = 0 and ar=+rr= = 0;
(ii) along the bottom edge of the mesh U= = W(I = 0 and a=,+ra = 0;

(iii) the side of the mesh is traction-free.

In order to solve the problem of indentation of a half-space by a curved indenter of
power-law head-shape the following procedure is adopted. First, the solution is obtained
for indentation by a flat punch of unit radius a = I subjected to a uniform displacement
Uc = -h for some arbitrary value of h. Second, the surface displacement field associated
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with the flat-punch solution is relaxed by an amount u" = rm
/ Dm

- lover the fixed contact
(I' ~ a = I); the indenter size D is adjusted by iteration until the contact pressure at
the perimeter vanishes. An initial value for D specified by 1/D"'- 1 = 0.1 h is used in the
computation. Substitution of the converged value for D into eqn (26) gives the eigenvalue
cm

. For a conical indenter, m = I and Dm
- I can be interpreted as cot [3 where 2[3 is the angle

of the cone. In order to evaluate the contact pressure accurately at the edge of the mesh a
refined mesh is employed (see Fig. 3).

5. RESULTS AND DISCUSSION

5.1. Eflect of indent size upon hardness
The effect of indenter size a on the predicted hardness H is shown in Fig. 4 for three

head-shapes (flat punch, cone and ball) and for n in the range of 1-5. The values of H
for the strain gradient solid have been normalized by the indentation hardness for the
conventional solid (t = 0), as summarized in Table 1.

Consider first the case of a frictionless indenter, Fig. 4(a). For all head-shapes and
strain hardening exponents considered there is a continuous increase in hardness with
diminishing indenter size. With increasing n, both the size effect and the effect of head­
shape on hardness diminish: the size effect is most pronounced for indentation of a linear
solid by a spherical indenter such that the hardness nearly doubles when the indenter size
a is reduced from a» t to a = t. In contrast, for the case of ball indentation and n = 5,
the hardness increases by only 10% when a is reduced from a » / to a = t. This predicted
size effect is significantly less than that observed experimentally. For example, Poole et al.
(1995) found that the hardness of copper (n ~ 5) almost doubles when the indentation
depth of a Vickers indenter is reduced from a large value to a ~ I .urn. It is known from
the torsion tests of Fleck et al. (1994) that the material length scale for copper is on the
order of I ~ 2 .urn. It is thought that the Fleck-Hutchinson strain gradient theory under­
predicts the indentation size effect largely because the theory neglects the effect of stretch
gradients. In the more general theory of Fleck and Hutchinson (1997) the role of stretch
gradients is included. Recently, Begley and Hutchinson (1996) have included the additional
strengthening due to stretch gradients and they report a size effect in agreement with the
experimental data of Poole et al. (1995). Xia and Hutchinson (1996) reached a similar
conclusion in their analysis of stress elevation by strain gradients ahead of a mode I crack
tip. They found that the Fleck-Hutchinson strain gradient theory led to only slightly
enhanced stresses ahead of a mode I crack.

We have also considered the effect of friction on indentation hardness for the case of
a flat-ended punch. For the conventional solid the effect of sticking friction is to increase
the hardness by about 10% compared to a frictionless punch, for all n values considered
(see Table I). The effect of friction is more marked for the strain gradient solid, particularly
at high values of n, as shown in Fig. 4(b). For example, at Ija = I and n = 5 the hardness
for the sticking punch is more than twice that for the frictionless punch. The enhanced size
effect for sticking friction is consistent with the argument that sticking friction leads to a
greater degree of shear and rotation of material points adjacent to the indenter.

We have not been able to obtain reliable hardness results for a conical or spherical
indenter due the presence of an oscillating contact pressure distribution near the sticking
contact edge. Further work is required in order to separate the roles of the friction law and
the role of stretch gradients in contributing to the size effect observed for spherical and
conical indenters.

5.2. Contact pressure distribution
The distribution of contact pressure beneath a frictionless indenter is shown in Fig.

5(a) for the flat-ended punch, in Fig. 6 for a spherical indenter and in Fig. 7 for a conical
indenter. Reliable solutions were also obtained for the case of a sticking flat punch [see Fig.
5(b)]. The oscillation in pressure near the contact edge for the sticking indenter prevented
us from obtaining a converged solution with vanishing pressure at the contact perimeter
for the sticking conical indenter and sticking spherical indenter.
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Table 1. Fa (II, m,{la = 0)

Frictionless flat Sticking flat Frictionless ball Frictionless
lin punch (m = (0) punch (m = 'X) ) (m = 2) cone (m = I)

1.0 0.853 0.853 1.122 0.663
0.9 1.082 1.082 1.198 0.742
0.8 1.336 1.336 1.284 0.835
0.7 1.607 1.608 1.383 0.945
0.6 1.891 1.894 1.449 1.079
0.5 2.180 2.186 1.638 1.241
0.4 2.467 2.477 1.814 1.445
0.3 2.738 2.757 2.027 1.695
0.2 2.969 3.003 2.272 1.990
0.1 3.104 3.174 2.519 2.296

First, consider the results for the frictionless flat punch [Fig. 5(a)]. The boundary
conditions at the edge of the punch are identical to those at mode I crack tip, and the
asymptotic analyses of Huang et af. (1997) and Xia and Hutchinson (1996) can be used
directly. These analyses reveal that the pressure p varies with distance s from the indenter
edge according to p ex s-l/(n+ I) for both the conventional solid, [ = 0, and for the strain
gradient solid, [ = a. For [ = 0 the singularity at the edge of the contact is precisely the
mode I HRR singularity; for the strain gradient solid, the field has the curious feature that
both the Cauchy stress and the couple stress vary according to s-l/(n+I). This is a conse­
quence of the feature that the most singular permissible strain field is irrotational, as
discussed by Xia and Hutchinson (1996). It is clear from Fig. 5(a) that the effect of indenter
size [Ia upon contact pressure is smal1. For both [Ia = 0 and [Ia = I the contact pressure
distribution becomes more uniform with increasing n.

Next, consider the contact pressure for the sticking flat-punch, Fig. 5(b). For clarity
of presentation results are shown only for n = I, and [Ia = 0 and 1. It is clear that the
stress field is singular at the edge of the punch for both [Ia = 0 and [Ia = 1. For [Ia = 0
the pressure increases monotonical1y as the contact edge is approached, whereas for [Ia = 1
the pressure distribution oscillates near the contact edge. The oscil1atory behaviour is
reminiscent of the crack tip field for an interfacial crack between dissimilar elastic solids.
A convergence study suggests that the contact pressures displayed in Fig. 5(b) is independent
of type and size of the mesh except for a smal1 zone adjacent to the contact edge of width
0.02a. We believe the total load calculated is reliable although the oscil1ating pressure is
approximate within the narrow region near the contact edge.

Now consider results for the spherical indenter and the conical indenter. The pressure
distribution beneath the frictionless spherical indenter is approximately el1iptical in shape
for n in the range 1-5, and for [Ia = 0 and I (see Fig. 6). (Recall the pressure distribution
is an el1ipse for the Hertz solution, n = 1 and [Ia = 0.) There is only a smal1 effect of length
scale [Ia upon the pressure distribution: the pressure at the edge of the contact increases
somewhat with increasing [Ia. The conical indenter induces a singular stress distribution
at the apex of the indenter (see Fig. 7). The nature of this singularity has been explored
previously for the conventional solid by Durban and Fleck (1991). In broad terms the stress
field at the tip of a frictionless cone has a power law dependence upon radial distance from
the apex, but is less singular than the HRR crack singularity. It is clear from Fig. 7 that
the pressure distribution becomes more uniform over the contact with increasing n; the
effect oflength scale [Ia upon the pressure distribution is minor.

The nature of the indentation field is il1ustrated by plotting contours of overal1 effective
strain ge beneath the indenter. Contour plots are given for the frictionless punch in Fig.
8(a), the sticking flat punch in Fig. 8(b), the frictionless bal1 in Fig. 9(a) and for the
frictionless cone in Fig. 9(b). The solid lines of Fig. 8(a) are contours of normalized
equivalent strain ge under a frictionless flat-ended indenter, for [ = a and n = 5. The
distribution of the normalized von Mises strain £e is only marginal1y different from that of
g. and are not included in the figure. Note that the contours of Je are almost semi-circular
near the contact edge; this is in agreement with the analytical solution for the mode I crack
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tip field in the strain gradient solid presented by Xia and Hutchinson (1996) and by Huang
et al. (1997). For the conventional solid (tfa = 0 and J'e = Be) there is a pronounced
dependence of J'e upon angular co-ordinate in the mode I HRR crack tip field. Contours
of J'e for the conventional solid are included in Fig. Sea) as dashed lines, and display the
expected strong dependence upon angular co-ordinate at the edge of the contact.

Contours of ;g'e for indentation by a flat-ended sticking punch are shown as solid lines
in Fig. 8(b), for [fa = I and n = 5. Contrary to the case of frictionless contact, the contours
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of von Mises equivalent strain [;e under a sticking punch differ considerably from those of
;&be and are shown in Fig. 8(b) as dashed lines. Maxima in J'e and [;e occur at the edge of the
contact.

Now consider the distribution of normalized equivalent strain ;&be beneath the fric­
tionless spherical indenter, Fig. 9(a), and beneath the frictionless cone, Fig. 9(b). For both
geometries, contour plots are given for [fa = 0 and I, and n = 5. In all cases the maximum
value of J'e occurs along the centre line. With increasing tja the distribution of J'e becomes
more diffuse beneath the contact.

5.3. Surface displacernentfield
The eigenvalue c relates the true contact radius a to the indentation depth h. As

discussed by Hill et al. (1989) and Bower et al. (1993), c has two physical interpretations:
(i) it equals the ratio of true contact radius to nominal contact radius, and (ii) it specifies
the vertical displacement of the indented half-space at the edge of contact (1 = I), see eqn
(36). A value c> I implies pile-up at the contact edge. Recall that for a conventional
elastic-plastic solid, c depends on the magnitude of the strain hardening exponent n,
indenter shape, and on the contact friction condition. For a strain-gradient elastic plastic
solid the magnitude of c also depends on the ratio of contact radius a to material length
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scale t. Values for c are presented in Fig. 10 for the frictionless ball and cone: there is only
a minor effect of length scale tla upon c. We note in passing that the values calculated for
c for t = 0 agree with those given by Hill et al. (1989) to within I % for all n.

The normalized displacement on the surface x, = 0 is shown in Fig. II for a frictionless
spherical indenter and Fig. 12 for a frictionless conical indenter. The physical displacement
field for a particular ball diameter or cone angle and a particular indentation depth can be
deduced via the scaling relation (19). It can be seen that material piles up at the contact
edge at large n, for both the strain gradient solid (tja = I) and for the conventional solid
(fla = 0). With increasing tla there is a minor effect upon iio, but a major increase in ii, is
observed for both geometries. The accuracy of these predictions await experimental support.
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APPENDIX

The accuracy of the 9-noded quadrilateral elements and the 6-noded triangular elements was evaluated by
comparing against existing results taken from the literature for the limiting case of the conventional solid, (I = 0).
For indentation of a non-linear half-space by a frictionless flat-ended punch, F" differs by less than 0.2% from the
values given by Bower el al. (1993) for all values of n. The eigenvalue 1" for a frictionless ball was also compared
with values obtained by Hill el al. (1989). For a linear elastic solid, the Hertz's analytical solution is 1" = 0.5, Hill
el a/.'s value is 0.508, while we obtained a value of 0.505. The greatest difference between our results and Hill el
al.·s results is about 0.8% for n = 10. Further checks were made with regard to the distribution of contact pressure
under a frictionless indenter of flat, conical and spherical head-shape. The pressure distributions shown in Figs
5-7 for n = I and ( = 0 are in excellent agreement with analytical solutions summarized by Johnson (1985).


